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Abstract Stabilities of supersonic jets are examined with different velocities, mo-
mentum thicknesses, and core temperatures. Ampliﬁcation rates of instability
waves at inlet are evaluated by linear stability theory (LST). It is found that in-
creased velocity and core temperature would increase ampliﬁcation rates substan-
tially and such inﬂuence varies for different azimuthal wavenumbers. The most
unstable modes in thin momentum thickness cases usually have higher frequen-
cies and azimuthal wavenumbers. Mode switching is observed for low azimuthal
wavenumbers, but it appears merely in high velocity cases. In addition, the results
provided by linear parabolized stability equations show that the mean-ﬂow diver-
gence affects the spatial evolution of instability waves greatly. The most ampliﬁed
instability waves globally are sometimes found to be different from that given by
LST.
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The high level of jet noise is a crucial problem in the realm of aeronautics, and noise reduc-
tion seems always be a signiﬁcant challenge for researchers and engineers, since the pioneer work
of Lighthill.1 Since then, many kinds of acoustic analogy theories have been developed.2–4 Un-
derstanding of noise generation mechanisms has been greatly improved, but problems remain as
turbulence involved. Now or in the near future, the modelling of jet noise will still be a tough task.5
It is generally accepted that the jet noise is produced by two types of structures, i.e., large-scale
coherent and ﬁne-scale turbulence structures.6 The dominant low-frequency noise is believed to
be produced by the former structures and propagates towards low axial angles. Usually, insta-
bility waves are adopted to represent the behaviors of large scale structures (growth and decay),
and satisfactory results were obtained in prediction of far-ﬁeld sound for supersonic jets.7 To cal-
culate the instability waves, the methods like locally-parallel linear stability theory (LST) or the
linear/nonlinear parabolized stability equations (PSE) are employed. LST can predict the char-
acteristics of instability waves (e.g., ampliﬁcation rate, wavelength, etc.) while PSE can take
account the mean-ﬂow divergence in the streamwise direction.5 From this viewpoint, it is of par-
ticular interest to investigate the characteristics of instability waves for compressible jets.
Generally, the characteristics of instability waves are dependent on baseﬂow states. In this
study, the axisymmetric jets with different velocity (supersonic), momentum thickness, and core
a)Corresponding author. Email: dsun@ustc.edu.cn.
062005-2 Z. H. Wan, et al. Theor. Appl. Mech. Lett. 4, 062005 (2014)
temperature are considered, and their effects on ampliﬁcation rate, wavelength, etc., are given
according to LST. Then, with given eigenvalues and eigenvectors provided by LST at the inlet,
the spatial evolutions of instability waves with the variance of baseﬂow are studied by linear PSE
(hereafter PSE). A richer understanding of the behaviors of instability waves can inspire us to
build more suitable wavepacket model for jet noise prediction.
For LST, linearized compressible Navier–Stokes equations in cylindrical coordinates (r,θ ,z)
are considered, with the ﬂow variables (q) decomposed as mean (q¯(r)) and perturbation (q˜) parts
respectively. For LST, wavelike disturbances are assumed to be
q˜(r,θ ,z, t) = Re{qˆ(r)exp[i(αz+nθ −ωt)]}, (1)
where α = αr + iαi, ω is the frequency, and qˆ(r) denotes the eigenfunction. More details about
the linear stability equations and solving procedures (e.g., boundary conditions, identiﬁcation of
physically relevant eigenvalues, etc.) could be seen in Refs. 8 and 9. For PSE, the mean-ﬂow
variables q¯(z,r) are assumed to be changed streamwisely (∂xq¯ = 0), the equations are linearized
according to such mean-ﬂow,10 and hence it explicitly account for the non-parallel effects.
Here, the baseﬂows are represented by analytical proﬁles. The axial velocity proﬁle adopted
in Ref. 11 is chosen which reads
uz(r) = {1− tanh[(r/r0− r0/r)/(4θ(z))]}/2, (2)
where r0 = 0.5 is the radius of the jet. θ(z) is a control parameter for momentum thickness and it
is a function of z used to model the mean-ﬂow divergence. For LST, z= 0 is imposed with θ = θ0,
as shown in Table 1. ur and uθ is set to zero for LST. For PSE, uθ is always set to zero, while ur
is evaluated by continuity equation. Pressure is uniform p = 1/(γM2) and temperature proﬁle is
determined by Crocco–Busemann relation. With varied Uj, θ , and TR (the temperature ratio of
the jet core and ambient air, Tj/T∞), a total number of eight cases are investigated, as shown in
Table 1.
Table 1. The parameters of computational cases, where Re= 3600 is the Reynolds number (Re= ρjUjD/μj),
D= 2r0 is the diameter of the jet.
C1 C2 C3 C4 C5 C6 C7 C8
M∞ =Uj/a∞ 1.5 1.5 1.5 1.5 2.5 2.5 2.5 2.5
θ0 0.025 0.025 0.05 0.05 0.025 0.025 0.05 0.05
TR 1.0 2.0 1.0 2.0 1.0 2.0 1.0 2.0
LST and PSE will be applied to study the effects ofUj, θ0, and TR. LST provides eigenvalues
and eigenvectors that are served as the initial conditions for PSE analysis. The combination of
the two methods would help us to understand the evolution of instability more thoroughly. For
LST, with a given ω , the eigenvalue α can be calculated, in which the image part denotes the
ampliﬁcation rate (−αi) and the real part is related with wavelength by 2π/αr. Figure 1 shows the
ampliﬁcation rates as a function of frequency and azimuthal wavenumber (n) of all computational
cases (C1–C8). The frequency is represented by Strouhal number which is deﬁned as St = fD/Uj,
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Fig. 1. The ampliﬁcation rates (−αiD) as a function of the frequency St = fD/Uj for different cases (a) C1,
(b) C2, (c) C3, (d) C4, (e) C5, (f) C6, (g) C7, (h) C8.
and the ampliﬁcation rate is denoted as −αiD.
Firstly, we consider the inﬂuence of jet velocity. C1–C4 have a velocity of Uj = 1.5a∞, lower
than that of C5–C8 (Uj = 2.5a∞). With the same θ0 and TR, the highest ampliﬁcation rates
decrease considerably as velocity increases. For example, we compare the most unstable mode
for C1 and C5. In C1, the most unstable mode is n= 4, corresponding to−αiD≈ 2.7, while n= 5
has the highest −αiD ≈ 1.34 in C5. The same trend can also be found between C2 and C6. In
C5–C8, the most unstable modes for each n have quite different St. In addition, it is interesting
that mode switching is observed for low n inUj = 2.5a∞ cases. In C1–C4, with a given n, only one
peak is found in the whole unstable range of St, however, two or even three peaks are identiﬁed
for n= 0,1,2 in C5. Mode switching is observed for low n in C6–C8 as well. To better illustrate
the point that the mode is switched for different St, we here plot the eigenvectors of n = 0 with
St = 0.24 and 0.43, corresponding to two local maximums, as shown in Fig. 2. It is clear that both
real and image parts of density proﬁles (ρ) are different that are related with two different modes.
Secondly, with decreasing of θ0, both −αiD and αrD increase. By comparing C1 and C3 to
C5 and C7, it is found that the most unstable mode is corresponding to higher St and n in C1 and
C5. For instance, n = 4, St = 0.8 is the most unstable case in C1, but this mode occurs at n = 2,
St = 0.44 in C3. This trend holds in C5 and C7, although the results are a bit more complex, since
that the peaks of −αiD occur at different St for each n. Moreover, the unstable frequency range is
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broadened as well.
Thirdly, two TR are considered for studying the effects of core temperature. Generally, heat-
ing would increase −αiD substantially, in which −αiD is nearly doubled as TR = 2.0, but the
inﬂuences vary for each n. Unlike isothermal jets (C1/C3), n = 0 becomes the most unstable
mode and the peaks of −αiD occur at slightly smaller St in C2/C4. For high velocity cases
(Uj = 2.5a∞), it seems that heating only changes −αiD, and n for the most unstable mode stays
the same. In Fig. 3, we compare αrD for isothermal and heated cases. In the low St range, αrD
only changes a little, but αrD increases more evidently by heating in the high St range, which
means that the wavelength is reduced. Moreover, it is suggested that αrD changes abruptly when
the mode is switched as aforementioned, as shown in Figs. 3(c) and 3(d).
Re(ρ), St = 0.24
Im(ρ), St = 0.24
Re(ρ), St = 0.43
Im(ρ), St = 0.43
0 0.2
E
ig
en
v
ec
to
r
0.4 0.6 0.8 1.0 1.2
0.2
0.1
0
-0.1
-0.2
r/D
Fig. 2. Eigenvectors for den-
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different frequencies St = 0.24 and
St = 0.43, the azimuthal wavenum-
ber n= 0.
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Fig. 3. αrD as a function of St number for cases (a) C1, (b) C2,
(c) C5, (d) C6.
Given by LST, for supersonic axisymmetric jets, it is known that the most unstable modes
are sensitive to the variation of velocity and core temperature, etc. To better characterize the
instabilities spatially, PSE is then employed. For PSE, uz(r) still has the form of Eq. (2), but θ is
a function of z in purpose of representing mean-ﬂow divergence as
θ(z) = 0.01z+θ0. (3)
For a real jet, the mean-ﬂow consists of core, transitional, and fully developing regions. Equa-
tion (3) is mainly used to study the effects of mean-ﬂow divergence in the core region. Once the
mean-ﬂow, eigenvalues, and eigenvectors at the inlet (z = 0) have been imposed, the solution at
every z can be solved by time-like advancing algorithm along z.12 Moreover, in order to denote
the evolution of instability waves quantitatively, the pressure gain on the nozzle lip-line is deﬁned
as
Pgain = p(r0,z)/p(r0,z= 0), (4)
where p(r0,z) is the amplitude of pressure at the location z on the nozzle lip-line (r = r0), and
062005-5 Linear stability analysis of supersonic axisymmetric jets
thus pressure gain is a function of z.
For the most unstable frequencies, we plot the streamwise variation of pressure gain on the
nozzle lip-line for C1 and C2 in Fig. 4. All proﬁles of pressure gain display similar growth-and-
decay patterns. In Fig. 4(a), it is found that n= 2 has the highest peak value rather than the most
unstable mode n = 4. As the development of mean-ﬂow, the pressure gains of n = 2 and n = 3
gradually surpass the n = 4. Though the ampliﬁcation rate of n = 4 is the highest at z = 0, it
decreases faster as the divergence of mean-ﬂow than other modes like n= 2 and n= 3. Moreover,
the peak positions of n= 3 and n= 4 are slighted delayed compared with n= 2, which occurs at a
location near z≈ 2D, in the vicinity of the position of vortex roll-up in jet simulation8 with laminar
inﬂow. In Fig. 4(b), the pressure gain of heated case C2 is plotted. The most unstable mode n= 0
still has the highest pressure gain near z ≈ 2D, followed by n = 2 and n = 3, identical to results
of LST. The heating increases the ampliﬁcation rates, and thus the pressure gain is enhanced
as well. The maximum value of n = 0 in C2 is about 46, near three times higher than that of
C1. However, the variations of peak locations of pressure gain are small. In addition, we ﬁnd
that the peak locations move forward as the speed of mean-ﬂow divergence is raised, and peaks
of pressure gain are reduced. These facts demonstrate that the instabilities are very sensitive to
baseﬂow variations, which might suggest that the processes of ﬂow development/noise generation
could be controlled by minor modiﬁcations of baseﬂow.
From Fig. 4, it is worth to note that the mode with the highest ampliﬁcation rate at z = 0 can
not ensure the maximum pressure gain as the mean-ﬂow divergence. Similarly, as shown in Fig. 5,
for the azimuthal wavenumber n = 2 in C1, the pressure gains for different St are computed, the
frequency of St = 0.3 gains the highest value rather than St = 0.8, though the latter has the highest
ampliﬁcation rate at the inlet. For different St, the peak locations vary greatly, and low-frequency
instability waves saturate more later than that of high-frequency ones, and low-frequency contents
always tend to dominate the ﬂow ﬁeld from a global perspective as mean-ﬂow divergence. This
trend is found in other cases as well.
In summary, the instabilities of supersonic jets are studied by both LST and PSE. The unsta-
ble modes are dependent on factors like core temperature, the decrease of momentum thickness
and velocity, or increasing core temperature would enhance ampliﬁcation rates. Mode switching
phenomenon is observed, but it only appears in high velocity cases. As mean-ﬂow divergence, the
0 2 4 6 8 10
z/D
10
8
6
4
2
0
P
g
ai
n
(a) n = 0 
n = 1 
n = 2 
n = 3 
n = 4  
0 2 4 6 8 10
z/D
40
30
20
10
0
P
g
ai
n
(b)
n = 0 
n = 1 
n = 2 
n = 3 
Fig. 4. The streamwise variation of pressure gain on the nozzle lip-line (r = 0.5) for the most unstable
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Fig. 5. The streamwise variation of pressure gain on the nozzle lip-line (r = 0.5) for different frequencies
with n= 2 in C1.
most ampliﬁed instability waves streamwisely investigated by PSE do not always correspond to
the most unstable mode given by LST, the spatial evolutions of instability waves are very sensitive
to the variation of mean-ﬂow, which actually raise the difﬁculty for understanding the characteris-
tics of instability waves. However, in general, the amplitudes of instability waves with low St and
n will be ampliﬁed much larger globally, which can explain why low frequency contents observed
in experiments are prevalent. Present study reveals such a fact that to build wavepacket model
based on instability waves for supersonic jets would be parameters sensitive.
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